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^ , We have obtained a criterion for spherically symmetric and static structures under hydrostatic equilibrium in general 

■ relativity (GR), which states that for a given value of ct = {Po/ Eq) = the ratio of central pressure to central energy- 

' density] , the compaction parameter u = [M/a) , where M is the total mass and a is the radius of the configuration] 

, or the surface redshift of any regular configuration cannot exceed that of the corresponding homogeneous density 

sphere, that is, u < Uh, where Uh is the compaction parameter of the homogeneous density sphere. By examining 
various exact solutions and equations of state available in the literature, we find that this criterion is fulfilled only 
by those configurations in which the surface density vanishes alongwith the pressure (meaning thereby that the 
pressure, energy density, metric parameters and their first derivatives are continuous on the surface). On the other 
hand, configurations having a finite density on the surface (that is, the self-bound structures) do not fulfill this 
. criterion. This criterion puts a severe restriction on the static structures based upon the general relativistic field 

equations and consequently on the upper limit of mass, surface and central redshift and other physical parameters 
fT^ , of spherically symmetric and static configurations. 
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1. Introduction 

The exact solution for an incompressible fluid sphere of 
uniform energy density, E , in GR was first obtained by 
Schwarzschild [1]. In spite of its nonphysical behaviour 
(the adiabatic speed of sound v = ^ dPj dE is infinite 
throughout the structure, and the pressure vanishes at 
finite surface density), it has important features char- 
acterizing configurations compatible with the structure 
of general relativity: (i) it gives an absolute upper limit 
for the compaction parameter, u[= {M/a), mass to 
size ratio of the entire configuration in geometrized 
units] < (4/9) for any regular static solution in hy- 
drostatic equilibrium [2] , and (ii) for an assigned value 
of the compaction parameter u and the radius a , the 
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minimum central pressure Pg corresponds to the ho- 
mogeneous density solution (see, e.g., [3]). 

In this paper, by the use of important feature (ii) 
mentioned above, we extract the following statement : 
for a given value of a\= {Pq/Eq) ratio of the central 
pressure and central density] the maximum value of 
the compaction parameter corresponds to the homoge- 
neous density sphere. 

Chandrasekhar [4] discussed the hydrostatic equi- 
librium condition under small adiabatic perturbations 
and showed that for a compressible homogeneous den- 
sity distribution, as long as the ratio of the specific 
heats 7 remains finite, a dynamical instability inter- 
venes before the Schwarzschild limit {u = 4/9) is 
reached. And for 7 00, u (4/9). Thus for any 
physically viable solution one may expect a finite value 
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of 7 , and the dynamical instability would intervene 
well before the compaction parameter u approaches 
the limiting value of (4/9). 

Exploring various physical properties of a super- 
dense object like a neutron star, one may expect to 
have some physically viable equation of state (EOS). 
However, for such objects the equations of state are not 
well known (empirically) because of the lack of knowl- 
edge of nuclear interactions beyond the density = 10^"' 
g/cm*^ [5], and the only way of obtaining an EOS far 
beyond this density range is extrapolation. Various 
such extrapolated equations are available in the liter- 
ature [6]. As a way out, one can impose some restric- 
tions upon the known physical quantities, such that the 
speed of sound inside the configuration, v[^/{dP/ dE)] , 
does not exceed the speed of light in vacuo, i.e., v < 
c = 1 (in geometrized units), and obtain an upper 
bound on stable neutron star masses [7-9]. Haensel 
and Zdunik [10] have shown that the only EOS which 
can describe a submillisecond pulsar and the static 
mass of 1.442A'/q simultaneously, corresponds to the 
EOS {dP/dE) = 1, however, they emphasized that 
this EOS represents an "abnormal" state of matter in 
the sense that the pressure vanishes at densities of the 
order of nuclear density or even higher. 

Alternatively, one may assume an expression for 
one of the parameters, P, E, i^,andA in terms of the ra- 
dial coordinate r (or an algebraic relation between the 
parameters) and obtain an exact solution of the Ein- 
stein field equations. Many exact solutions are avail- 
able in the literature [11-16], which may be used to ob- 
tain various physical properties of spherical and static 
compact object (provided they are physically realistic). 

Various EOS and exact solutions discussed in the 
literature, in fact, fulfill the criterion (i), that is, the 
equilibrium configurations pertaining to these EOS 
and analytic solutions correspond to the compaction 
parameter u which is always smaller than the value 
4/9. However, we show in the present paper that the 
EOS or analytic solutions, corresponding to a finite 
surface density (where the pressure vanishes at finite 
surface density, the so-called "self-bound" state of mat- 
ter), in fact, are not compatible with the structure of 
GR, as they do not fulfil the criterion (ii) (namely, 
for an assigned value of a the compaction parameter 
u of any regular configuration should not be greater 
than that of the homogeneous density configuration). 
We have shown this inconsistency particularly for the 
EOS {dP/ dE) = 1 (as it represents the most successful 
EOS for obtaining various extreme characteristics of 
neutron stars), and for the exact solution put forward 
by Durgapal and Fuloria [15] (as it represents various 
characteristics expected for a physically realistic su- 
perdense object [17]). Furthermore, it can be shown 
that this inconsistency always exists for any EOS or 
analytic solution with finite surface density. On the 
other hand, we have found that only those EOS or 



exact solutions which correspond to vanishing density 
at the surface of the configuration (i.e., gravitationally 
bound structures) are compatible with the structure 
of GR. We show that the above criterion is fulfilled 
for polytropic equations of state, P = KE^ (where 
K and F are constants [18]), and P = Kp^^ (where 
K and Fi are constants and p is the rest mass den- 
sity [19]), and Tolman's type VH exact solution [20], 
E = Eq{1 — r^/a^), where Eq is the central energy 
density and a is the radius of the configuration. 

Thus, an important consequence of the EOS or an- 
alytic solutions with vanishing surface density lies in 
the fact that the "abnormality" in the sense discussed 
in the literature disappears. Or, in other words, the 
EOS or analytic solutions, compatible with the struc- 
ture of general relativity, would always represent con- 
figurations corresponding to the normal state of mat- 
ter. 

2. Criteria for static spherical 

configurations to be consistent with 
the structure of GR 

Let us consider homogeneous sphere of uniform energy- 
density E . The equations for isotropic pressure P and 
density E can be written in terms of the compaction 
parameter u and the radial coordinate measured in 
units of configuration size, y = r/a, as 



B,-KEa^ = 6u, 



(1) 



3(l-2u)i/2 _ (1 -2u2/2)i/2- 

Consider a regular variable density sphere (with 
some given EOS or analytic solution) with central en- 
ergy density Eq and central pressure Pq > correspond- 
ing to the compaction parameter u = Uy . 

Now, we can always construct a homogeneous den- 
sity sphere with the same value of the compaction pa- 
rameter Uy and energy-density Eq , because if Pqh cor- 
responds to the central pressure of this sphere, the ratio 
(Th{= Poh/Eo) depends only on the assigned value of 
the compaction parameter Uy . And, Poh is given by 



Poh = 



6u 1 - (1 - 2?i)i/2 



(3) 



87ra2 3(1 - 2u)i/2 _ i' 
Now, according to the feature (ii) [3], we may write 
Po > Poh, (4) 

or 

Po/Eo > Poh/Eo. (5) 
Hence for a given value of u = , we obtain 

ay > ah (6) 
where ay is defined as the ratio Pq/Eq. 
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Table 1. Various values of the compaction parameter u{= M/a) corresponding to the exact solutions: E = 
Eo{l — r'^/a'^) (indicated by Utvii) and E = [8(9 + 2x + x^)/7(l + x)^] (indicated as Wdfa), and equations of 
state: P = KE^ for F = 2 (indicated as ?irptr), P = Kp^^ for Fi = 2 (indicated as Ucptr) and P = E — Eg 
(indicated by itstff , for different assigned values of a = Pq /Eq . The compaction parameter of a homogeneous 
density distribution (Schwarzschild's interior solution) is indicated as Uh for the same values of u . It is seen that 
i*tvii, Wiptr and Ucptr < Uh, while Udfn and Usui > Uh. Thus configurations with vanishing surface density show 
compatibility with the structure of GR, while those with finite surface density do not show this compatibility. 
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3. Examination of the criterion with 
some well-known equations of state 
and exact solutions 

We have considered the EOS P — {E — Es) (where 
Eg is the surface density of the configuration), P = 
KE^ (where K and F arc constants), and P = Kp^^ 
(where K and Fi are constants and p is the rest-mass 
density). The former EOS pertains to nonvanishing the 
latter to vanishing surface density. Similarly, we have 
chosen the exact solutions 

{SnE/C) = 8(9 + 2x + x^)/7{l + xf 

(where (7 is a constant and x = Cr^ , which corre- 
sponds to a nonvanishing surface density), and 

E = Eo{l - r'^lc?) 

(where Eq is the central energy density and a is the 
size of the configuration; for r = a , the surface density 
becomes zero). 

Let us denote the compaction parameter corre- 
sponding to a homogeneous density configuration by 
Uh and that for the equations of state P = E — Eg , 
P = KE^ and P = Kp^^ by UstB, Urptr and Ucptr, 
respectively. For the exact solution corresponding 
to the density distribution {SttE/C) = [8(9 + 2x + 
a;^)/7(l -l-a;)^] the compaction is denoted by Udfn, and 
for E = Eo{l — /a?) by Utvii, respectively. Now, 



Now, varying the compaction parameter Uv for the 
homogeneous density sphere from Uy to Uh (say) we 
should have 

(^v = CT/j. (7) 

For u = Uh, the value of an would become 

_ (l-2u,)V^-l 
- 1-3(1-2«,)V2- 

Substituting Eq. (8) with the help of Eq. (7) into (6), 
we get 

{l-2uhY'^-l ^ (l-2u,)V2_i 



1 - 3(1 - 2«h)V2 - 1 _ 3(1 _ 2u^)i/2 • 

(9) 

It is clear from Eq. (9) that 

Uh > Uy. (10) 

That is, for an assigned value of the ratio of central 
pressure to central energy-density a{= ay), the com- 
paction parameter of homogeneous density distribution 
u{= Uh) should always be larger than or equal to the 
compaction parameter u{= Uy) of any regular solu- 
tion, compatible with the structure of GR. Or, in other 
words, for an assigned value of u the minimum value 
of 0- corresponds to the homogeneous density sphere. 
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for these equations of state and analytic solutions for 
various assigned values of tr = {Pq/Eq) we obtain 
the corresponding values of the compaction parame- 
ters as shown in Table 1. It is seen that for every 
assigned value of ct, Urptr and Ucptr < Wh < Wsts, 
and Utvii < Mh < Udfn- Thus we conclude that the 
configurations defined by Mgtff and unfn do not show 
compatibility with the structure of GR, while those 
defined by ?y,rpir , Wcptr and Utvu show such a com- 
patibility. However, this type of characteristics (the 
value of the compaction parameter larger or smaller 
than Mh for some or all assigned values a ) can be seen 
for any EOS or exact solution having a finite surface 
density. On the other hand, it is seen that the com- 
paction parameter value for EOS or analytic solution 
with vanishing surface density always remains smaller 
than Uh for all the assigned values of a. Therefore 
we conclude that to have an EOS or exact solution 
compatible with the structure of GR, it is necessary 
to assure the continuity of density (and the respec- 
tive derivative of the metric parameter A' ) along with 
other parameters at the surface of the configuration. 

4. Results and conclusions 

We have investigated various exact solutions and equa- 
tions of state in hydrostatic equilibrium and obtained 
a criterion for the compatibility with the structure of 
GR in a physical sense which may be written as: for an 
assigned value of the ratio of central pressure to cen- 
tral energy densiy a the compaction parameter u of 
any regular solution should not exceed the compaction 
parameter Uh of the homogeneous density distribution. 
This criterion should be fulfilled by any exact solution 
or equation of state, or core-envelope model, or core- 
mantle-envelope model, or any complicated distribu- 
tion of matter, in order to have compatibility with the 
structure of the field equations. 

Since this criterion imposes a severe restriction on 
static structures in GR, namely, to solutions of the Ein- 
stein equations corresponding to a vanishing density 
at the surface of the configuration, there must appear 
new restrictions on the upper limit on mass, surface 
redshift, central redshift and other physical properties 
of static, spherically symmetric configurations. 
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